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ABSTRACT: A novel stochastic algorithm is described for the accurate prediction of the detailedmolecular
topology of highly branched polymer chains. Stochastic topological polymer chain simulations are carried
out in conjunctionwith a polymerization kineticMC simulator. Contrary to previous efforts on the stochastic
simulation of topological features of branched polymer chains, the present approach does not apply any
simplifying assumptions regarding the distributional form of “live” and “dead” polymer chain populations.
The proposed stochastic approach takes explicitly into account the effects of various diffusional limitations in
the termination and propagation rate constants (i.e., gel- and glass-effect) as well as the effect of branching
density on the kinetics of various reactions (i.e., transfer to polymer and chain scission reactions). To
demonstrate the predictive capabilities of the proposed stochastic approach, the free-radical polymerization
of ethylene in an industrial high-pressure tubular reactor is investigated. It is shown that the present stochastic
kinetic/topology algorithm can provide detailed information on the topological features of highly branched
polymer chains (i.e, long- and short-chain branching distributions, segment seniority and priority distribu-
tions, etc.). The topological information, obtained by the application of the stochastic kinetic/topology
algorithm, is then used together with a 3-D molecular random-walk simulator to predict the 3-D random
spatial configurations of branched polymer chains as well as some important rheological parameters (i.e., the
mean radius of gyration, Rg, the mean hydrodynamic radius, Rh, and the average branching factor, g) of
low-density polyethylene.

Introduction

Control of the molecular architecture of polymer chains
produced in a polymerization reactor is a subject of profound
interest to polymer scientists and industry as well. This originates
from the well-established fact that the molecular properties (e.g.,
molecular weight distribution (MWD), copolymer composition
distribution (CCD), long-chain branching distribution (LCBD),
etc.) are directly linked with the polymer end-use properties (e.g.,
physical, chemical, mechanical, rheological, etc.). Hence, the
elucidation of the molecular architecture of highly branched
polymer chains in terms of the kinetic mechanism and polymer-
ization conditions (e.g., temperature, pressure, mixing, etc.) has
been the subject of a great number of theoretical and experi-
mental studies.

A well-known approach for the calculation of the distributed
polymermolecular properties (e.g.,MWD,LCBD, etc.) is the use
of multivariate population balance equations (PBE).1 In principle,
dynamic PBEs canbederived todescribe the time evolutionof the
“live” and “dead” polymer chains in a polymerization reactor in
terms of a specific polymerization kineticmechanism. In the open
literature, a number of numerical methods have been proposed
to reduce the resulting infinite system of differential equations
into a low-order system. These include the kinetic lumping
method,2-4 the polynomial expansionmethod,5 the global ortho-
gonal collocation,6 the method of moments,7,8 the “numerical
fractionation” method,9,10 the discrete weighted Galerkin11,12

and the orthogonal collocation on finite elements and sectional
grid methods.13 Despite their computational complexities, in a

series of recent publications,14-16 the application of orthogonal
collocation on finite elements and fixed pivot methods to free-radical
linear and nonlinear polymerization systems was demonstrated.

An alternative approach to the above deterministic methods is
the use of probabilistic tools (e.g., Monte Carlo simulations).
Stochastic simulations have attracted significant attention over
the last 30 years, due to their inherent capability to simulate the
discrete and random nature of polymerization kinetics. The
application of MC methods to complex polymerization systems
has been facilitated by the dramatic increase in computer power
that has gradually eliminated themain disadvantage of stochastic
methods associated with their high computational requirements.
It should be pointed out that stochastic simulations have an
additional advantage over the commonly employed deterministic
numerical methods for they can deal with multidimensional
problems (e.g., three- and/or higher-dimensional problems) in a
simple and efficient way, making them ideal computational tools
for the calculation of the multidimensional distributed molecular
properties (i.e., joint MW-LCB distribution, joint MW-CC
distribution, etc.). In the past, a number of different stochastic
approaches have been proposed17,18 and applied to both homo-
polymerization19-21 and copolymerization22-25 systems. How-
ever, in most cases, a number of simplifying kinetic and chain
distributional assumptions have been applied to facilitate the
stochastic numerical solution.

In principle, the average and distributed molecular properties
of polymer chains in a polymerization system (e.g., Mn, Mw,
MWD,CCD, etc.) can be calculated by using either deterministic
or stochastic numerical methods. However, a number of mole-
cular properties (i.e., the topology and distribution of short- and
long-chain branches, the branching order distribution, etc.) that
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are directly linked with the molecular architecture of polymer
chains cannot be calculated and, often, cannot even be measured
experimentally. However, such molecular topological properties,
including the length and branching order distributions of short-
and long-chain branches, attached to the main backbone of a
highly branched polymer chain, can strongly affect, i.e., the
rheological behavior and, thus, the polymer melt processability.

Recently, significant advances have been made on the rheo-
logical behavior of highly branched polymermelts.26-31 However,
the application of the proposed rheologicalmodels and theories is
bounded by the assumed structure of the branched polymer
chains, since there is limited theoretical or/and experimental
information regarding the molecular topological characteristics
of nonlinear polymer chains. Hence, the ability to accurately
predict the topological characteristics of highly branched poly-
mer chains, in terms of the kinetic mechanism and reactor
operating conditions, is of profound theoretical and industrial
importance since, in principle, the rheological behavior of poly-
mer melts can be assessed in terms of the calculated topological
properties of highly branched polymer chains.28-31

The first notable attempt to predict the molecular architecture
of highly branched polymer chains was reported by Tobita32,33

who employed a “random sampling technique” to generate long
polymer chains via the successive connection of linear chain
segments (also called “primary polymers”). Tobita’s approach,
although powerful in providing detailed molecular structural
characteristics, was limited by the fact that the generation of
“primary polymer” segments was assumed to take place under
constant polymerization conditions, following a priori known
distributional forms (i.e., of the most probable distribution). The
former limitation was addressed by Inkson,34 who developed a
MCalgorithmbased onTobita’s approach, to simulate stochasti-
cally a time-varying catalytic olefin polymerization system.
Moreover, Iedema and his co-workers35,36 described a graph-
based approach for efficient storage of relevant topological
information regarding a polymer chain while the chain length
and branching distributions of the macromolecular segments
were calculated via the implementation of a Galerkin on finite
elements method. Although Iedema’s work provided a good
approximation of the molecular properties of branched poly-
mers, the number of assumptions, made to simplify the actual
implementation of the method, limited its general applicability
and predictive capabilities. These limitationswere associatedwith
the application of the method to nondynamic polymerization
systems, the requirement for a priori knowledge of the analytical
functions for segment length and branching order distributions,
the assumption of random scission of the “primary polymer”
chains and the inaccurate handling of termination by combina-
tion reactions. In a recent publication by the same group,37 the
random segment connection algorithm was replaced by a “back-
tracking algorithm” that displayed limited applicability to actual
polymerization processes due to their complex kinetic mechan-
isms. From the above points, it becomes apparent that the
accurate prediction of the exact topological characteristics of
highly branched polymer chains, in a time-varying polymeriza-
tion system, has been partially dealt, and thus, the problem
remains unsolved in its general form.

In the present work, a combined kinetic/topology stochastic
algorithm is developed for the accurate prediction of the complete
topological architecture of highly branched polymer chains. The
stochastic polymer chains topological simulator proceeds in com-
plete conjunction with the polymerization kinetic mechanism,
without making any assumptions on the distributional functions
of “live” and “dead”polymer chains. Branchedpolymer chains are
constructed via a detailed monomer-addition process, taking into
account the various diffusional phenomena (i.e., gel-effect, glass-
effect) associated with the respective termination and propagation

rate constants. Note that the proposed algorithm is quite general
and can be applied to any complex polymerization system (e.g.,
free-radical, catalytic, etc.) under time-varying polymerization condi-
tions (e.g., temperature, pressure, species concentrations, etc.).

The Polymerization Kinetic Mechanism

To describe the formation of both linear and highly branched
polymer chains, in a chemically initiated free-radical polymerization
system, the following general kinetic mechanism was employed.

Initiator Decomposition.

Isf
kd

2PR• ð1Þ
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kI

P0, 1 ð2Þ
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The symbols Pb,n andDb,n denote the respective “live” and

“dead” polymer chains with “b” long-chain branches and a
total chain length equal to “n”. The above kineticmechanism
is quite general and includes the majority of elementary
chemical reactions taking place in a free-radical polymeriza-
tion system. According to the postulated kinetic mechanism,
“live” polymer chains can terminate via termination by
combination and disproportionation reactions as well as
via transfer to monomer and solvent (chain transfer agent)
reactions. Long-chain branches can be formed via transfer to
“dead” polymer and terminal double-bond reactions while
the intramolecular transfer reaction is responsible for the
formation of short-chain branches in the polymer chains.

It should be noted that the postulated kinetic mechanism
(i.e., eqs 1-11) has been widely employed in the literature38-40
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to describe the free-radical high-pressure polymerization of
ethylene. The present mechanism does not include the pro-
duction of polyradicals or the occurrence of intramolecular
terminal double bond reactions. Moreover, the intramole-
cular transfer reaction (eq 8) was considered to exclusively
produce butyl carbon groups41,42 (i.e., via a hydrogen abstrac-
tion reaction to the fifth methylene group from the free-
radical chain end). Any other reactions that may lead to the
formation of different carbon groups (i.e., ethyl, vinyl, amyl,
etc.) were not considered in the present study. However, as
clearly described in the following section, additional reac-
tions can easily be implemented provided that the numerical
values of the respective kinetic rate constants are known.

The Stochastic Topology Algorithm

The dynamic evolution of a chemically initiated free-radical
polymerization system can be accurately followed via a stochastic
kinetic Monte Carlo (MC) approach. In a series of recent publi-
cations,15,16 the development and application of a computation-
ally efficient stochastic kinetic algorithm to free-radical dynamic
polymerization systems has been described by the present
authors. The proposed MC kinetic algorithm can accurately
predict the average molecular properties (i.e., average molecular
weights) as well as the distributed molecular properties (i.e.,
molecular weight, long-chain branching, copolymer composition
and chain sequence length distributions, etc.) of the polymer
chains in a dynamic polymerization system.

In the present work, a novel MC topology algorithm is
described, on the basis of our previously published work,15 to
predict the exact topological molecular architecture of highly

branched polymer chains. The basic principles governing the
proposed MC formulation are described next. Prior to the
detailed description of the topology algorithm, a brief overview
of the terminology used in this work is presented.

In the majority of published papers, the analytical topology of
polymer chains is visually described as a number of intercon-
nected linear polymer parts, called segments (Figure 1a). These
segments, also called ‘primary polymers’,32 are randomly con-
nected to form a polymer chain. Accordingly, the specific lengths
of the various segments are calculated, as a function of the
monomer conversion, by assuming that the various segments
follow a-priori known segment “length distribution” (i.e., the
most probable distribution). In the present work, a different
approach is adopted to calculate the topological features of
branched polymer chains in a time-varying polymerization sys-
tem. More specifically, every branched polymer chain is consid-
ered to consist of a main backbone sequence of carbon atoms and
a number of branches, attached either to themain backbone chain
or to any other branch of the highly branched polymer chain via a
number of specific branching points (Figure 1b). The main back-
bone carbon sequence of atoms for a “live” polymer chain is
assumed to be the only linear part of the highly branched
structure with two free ends, one free end always representing
the position of the propagating center of the “live” polymer
chain. Upon deactivation of the “live” polymer chain, the
resulting “dead” polymer chain is assumed to preserve its main
structural characteristics. The size (length) of a fragment (i.e.,
segment) in a highly branched polymer chain is characterized by a
number of monomer units (i.e., equal to its polymerization
degree). The main difference between a branch and a segment

Figure 1. Schematic representation of a branched “live” polymer chain: (a) commonly adopted representation; (b) as defined in this work.
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is that the former may contain a number of branch points while a
segment is strictly bounded by two consecutive branch points or a
branch point and a free end (see Figure 1b). In general, a branch
can either contain several segments or be identical to the size of a
single segment. It should be noted that the above definitions,
specifically employed in the present study, greatly facilitate the
identification of the various branched polymer chains in the
stochastic topological algorithm and should not be confusedwith
any other commonly employed definition (i.e., a “backbone
chain” in a branched macromolecule commonly represents its
longest linear part). Moreover, as will become clear in the
following sections, the employed representation of a highly
branched polymer chain is by nomeans unique and continuously
undergoes topological transformations during the course of
polymerization (e.g., Figure 7). The proposed polymer chain
topological definitions are essential for the algorithm’s function-
ality as well as for processing and explaining the stochastically
calculated results.

A schematic representation of a “live” branched polymer
chain, as defined in this work, is shown in Figure 1b. It is
apparent that, following the present detailed chain representa-
tion, the various transformations a branched polymer chain
undergoes during polymerization (see kinetic eqs 1-11) can be
stochastically simulated, at the very low level of reacting mono-
mer units.

To keep a complete record of all the topological features of a
highly branched polymer chain, in a time-varying polymerization
system, an elaborated numbering system to account for the exact
position of all the monomer units in a polymer chain is required.
To solve this extremely complex accounting problem, an efficient
numbering algorithm has been developed based on the following
general rules:

1. Each polymer chain is characterized by a unique
sequence of consecutive numbers (i.e., from one to
the total polymerization degree of a chain) that
uniquely identify the positions of all the monomer
units in a polymer chain.

2. The consecutive numbering of themonomer units in a
branched polymer chain always initiates from its
inactive free end of the backbone chain to the direc-
tion of its active free end.

3. The numbering of the monomer units in a branch
follows the branch series appearance, always starting
from the respective branching point to the free end of
the branch.

4. Each time a polymer chain changes its state (i.e.,
reacts according to the kinetic mechanism, eqs 1-11),
a new sequence of numbers are assigned to the new
polymer chain.

The use of the above numbering rules to a typical branched
polymer chain is shown in Figure 2. As can be seen, the assigned
numbers are placed at the final connecting carbon atom of a
monomer unit.

Following the above procedure, all the connecting points (i.e.,
bonds) in a polymer chain can be explicitly labeled. This allows
the tracking of any new topological changes that may occur
during the progress of polymerization. The topological informa-
tion regarding a polymer chain is stored in the form of a column
in the topology array. This means that every branched polymer
chain in the reacting mixture is represented by a column in the
topology array. The top three rows in a topology column contain
general information for the particular polymer chain, i.e., its total
chain length, the length of its main “backbone” chain and the
total number of branches. This information is necessary for later
topological calculations. The subsequent rows in the topology
column contain information regarding the exact length and

position of all branches (i.e., short and long) in a branched
polymer chain. The branch length andpositionof all the branches
are stored in consecutive pairs in the topology column, following
the branch series appearance.As a result, every time a newbranch
is formed in a polymer chain (e.g., due to a chain transfer to
polymer reaction), the relevant information (i.e., branch length
and position) is stored into predetermined places in the topo-
logy column. In Table 1, the elements of the topology column,
corresponding to the polymer chain shown in Figure 2, are
reported.

The proposedMC topology algorithm is based on the principle
that the dynamic evolution of a polymer chain’s microstructure
can be inferred by simply tracking all the stochastically simulated
reactions in the kinetic mechanism (i.e., eqs 1-11) and the
corresponding changes they impart on the topological character-
istics of the “live” and “dead” polymer chains. For example, when
simulating the propagation reaction shown in Figure 3, the length
of themain “backbone” chain increases by onemonomer unit and
so does the total length of the polymer chain. These changes are
effected by changing the values of the relevant elements in the
corresponding topology column of the polymer chain (i.e., rows 2
and 1, respectively) as well as the column elements corresponding
to the positions of the branches that are not attached to the
backbone chain (i.e., row 7), as shown in Figure 3.

A number of simple chemical reactions (e.g., transfer to
monomer, transfer to solvent, termination by disproportiona-
tion, etc.) can be topologically simulated in a similar way.
However, more complex chemical reactions, including termina-
tion by combination, transfer to polymer, etc., pose significant
difficulties in their topological simulation. These difficulties are

Figure 2. Numbering of a typical branched polymer chain, according
to the established rules of the MC topology algorithm.

Table 1. Topology column corresponding to the polymer chain
of Figure 2

row stored topological information value

1 total chain length 51
2 size of backbone chain 14
3 total number of branches (=b) 9
4 size of branch 1 4
5 position of branch 1 3
6 size of branch 2 5
7 position of branch 2 5
8 size of branch 3 9
9 position of branch 3 21
10 size of branch 4 3
11 position of branch 4 25
12 size of branch 5 4
13 position of branch 5 28
14 size of branch 6 2
15 position of branch 6 37
... ... ...
20 (=(2b þ 3) - 1) size of branch 9 3
21 (=(2b þ 3)) position of branch 9 12
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usually associated with the renumbering of a polymer chain or/
and the reassignment of branching points. A typical example of
renumbering of a polymer chain is shown in Figure 4, where the
topological simulation of termination by combination reaction is
depicted. As can be seen, the monomer units in the newly formed
polymer chain (i.e., via the combination of two “live” polymer
chains) are renumbered according to the general numbering rules
defined above.

In Figure 5, the stochastic topological simulation of an
intramolecular chain transfer reaction is depicted. In particular,
the propagating center in a “live” polymer chain is moved from
the chain’s free end to a new position (i.e., to the fifth carbon
atom from the chain’s free end). As a result, renumbering of all
the branching points that are not located on the main backbone
chain is required. Similar difficulties are experienced with the

topological simulation of a terminal double bond reaction,
especially for highly branched polymer chains, as shown in
Figure 6.

The topological simulation of a chain transfer to polymer
reaction is by far the most complex one to follow since the
produced polymer chains have completely different topologies
from those of the two reacting chains. InFigure 7, the topological
simulation of a chain transfer to polymer reaction is depicted.
According to this reaction, the active center of a “live” poly-
mer chain is transferred to an internal carbon atom of a “dead”
polymer chain. Clearly, the new “live” polymer chain (i.e.,
formed via the chain transfer to polymer reaction) is character-
ized by a completely new topology column and, thus, a new
(ab initio) numbering of the monomer units and branches of the
generated “live” polymer chain is required.

Figure 3. Stochastic topological simulation of a propagation reaction.

Figure 4. Stochastic topological simulation of a termination by combination reaction.
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From the above description of the MC topology algorithm, it
becomes apparent that the algorithm’s efficiency greatly depends
on the efficient manipulation of the topology array since a huge
amount of topological information needs to be dynamically
accessed and/or changed in relation to the sample polymer chains
population in a time-varying polymerization system. As a result,

a large computational effort is required for the accurate book-
keeping of all the relevant topological features, a task far more
difficult than the stochastic kinetic simulation of a polymeization
system.Todeal with this unique computational problem, a sophisti-
cated array network has been developed to facilitate the quick
and accurate tracking of all the stored topological information in

Figure 5. Stochastic topological simulation of an intramolecular transfer reaction.

Figure 6. Stochastic topological simulation of a terminal double bond reaction.
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connection with all the simulated “live” and “dead” polymer
chains in the sample population.

The Stochastic Kinetic Algorithm

The stochastic topology algorithm, responsible for the accu-
rate accounting of all the topological features in relation to the
polymer chains in a dynamic polymerization system, was com-
bined with our well-established stochastic kinetic algorithm,15,16

simulating all the chemical reactions in the kinetic mechanism
(i.e., eqs 1-11). Note that the stochastic kinetic algorithm provides
information on the net production/consumption rates of the
various molecular species as well as on the molecular weight,
degree of branching, etc., developments in the dynamic sample
population. The calculated by the stochastic kinetic algorithm
molecular properties (i.e., molecular weight, numbers of long-
and short-chain branches, etc.) for each polymer chain in the
sample population are stored in the two chain arrays, correspond-
ing to the “live” and “dead” polymer chains. Each column in
the two chain arrays contains a number of molecular informa-
tion (i.e., total degree of polymerization, number of long-chain
branches per polymer chain, etc.), necessary for the molecular
description of a polymer chain in the polymerization system.
In order to link the MC kinetic algorithm with the stochastic
topology algorithm, proper connections between the two chain
arrays of the stochastic kinetic algorithm and the topology array
in the stochastic topology algorithm have to be established.
Accordingly, two position arrays are defined, containing informa-
tion on the exact positions of the various “live” and “dead”
polymer chains in the topology array. A schematic representation
of the two position arrays is depicted inFigure 8. Thus, every time
a new polymer chain is formed or an existing polymer chain
changes its state (e.g., from“live” to“dead”, etc.) the relevant entries
in the position arrays (i.e., Pos(P) and Pos(D)) are updated so that
an accurate connection between the polymer chain populations in
the two kinetic chain arrays (“live” and “dead”) and their
corresponding topological information in the topology array is
established.

From the above description it becomes evident that, based
on the proposed stochastic kinetic/topology approach, the
complete topological architecture of the polymer chains can
be calculated in connection with the kinetic mechanism of a
polymerization system. The fact that the kinetic part of the new
topology algorithm remains identical to the already developed
MC kinetic stochastic simulator15,16 is an additional advan-
tage of the new combined kinetic/topology approach. Thus,
any changes in the kinetic mechanism are directly reflected into
the calculated polymer chains topology. It should be noted
that, contrary to previous efforts on the stochastic simulation
of topological features of branched polymer chains, the pre-
sent approach does not apply any simplifying assumption
regarding the distributional forms of “live” and “dead” poly-
mer chains populations. Moreover, the proposed stochastic
method can take into account the effects of various diffusional
limitations in the termination and propagation rate constants
(i.e., gel- and glass-effect) as well as the effect of time-varying
polymerization conditions (e.g., temperature, species concen-
trations, etc.).

Figure 7. Stochastic topological simulation of a chain transfer to polymer reaction.

Figure 8. Schematic representation of the two “position arrays” used
by the stochastic kinetic/topology algorithms.
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Another great novelty of the combined stochastic kinetic/
topology algorithm is its ability to take into account various
steric effects in highly branched polymer systems that can affect
the kinetics of chain transfer to polymer and random scission
reactions. In all previously published papers, chain scission and
long-chain branching reactions have been treated as purely
random events, meaning that all the carbon atoms in a highly
branched polymer chain have the same probability for a radical
attack to take place. This commonly employed assumption is
made due to the inherent inability of the present deterministic
and stochastic methods to numerically handle the solution of
nonrandom kernels. In the present work, an excluded volume
functionwas introduced to account for the effect of the branching
density (see inserted scheme inFigure 9) on the chain scission and
long-chain branching reactions. This means that in the excluded
volume region the probability for a radical attack to a carbon
atom decreases as the branching density increases. Thus, the
excluded volume function allows the application of a nonequal
probability function with regard to the stochastic simulation of
chain scission and long-chain branching reactions. In general, the
excluded volume in a highly branched polymer chain can be
expressed as a function of the number of long-chain branches, b,
per polymer chain:

f ðbÞ ¼ a0 þ a1 exp -
b

c

� �
ð12Þ

where, a0, a1, and c are some constant parameters. The above
expression can also be used to calculate the accessible polymer
chain volume fraction for a random radical attack to take place.
In Figure 9, eq 12 is plotted for two different sets of the
parameters (a0, a1, and c). In the present study, all the stochastic
simulations were carried out for the first set of parameter values
shown in Figure 9.

It is apparent that an accurate description of the steric
effects in a highly branched polymer reactive system requires
a more detailed calculation of the excluded volume with
respect to the local branching density of a polymer chain.
However, such an approach increases dramatically the com-
plexity and computational requirements of the stochastic
algorithm (i.e., resulting in prohibitively high simulation
times) and remains a challenging problem for future studies.
Finally, it should be noted that steric effects due to the
presence of short-chain branches were assumed negligible
and, thus, were not included in the present study.

Application of the MC Kinetic/Topology Algorithm to a
High-Pressure LDPE Process

The proposed stochastic kinetic/topology algorithm is quite
general and can be applied to different nonlinear polymerization
systems, under the sole condition that their kinetic mechanism
and kinetic rate constants are known. To demonstrate the predic-
tive capabilities of the present stochastic approach, the free-
radical polymerization of ethylene in a high-pressure tubular
reactor was considered. The kinetic/topology algorithm was
applied to a simulated model of a real industrial reactor of a total
length of 1040 m. The tubular reactor included three initiator
injection points and, thus, had three reaction zones. The reaction
pressure at the reactor inlet was equal to 2700 atm. A detailed
description of the high-pressure LDPE process can be found in a
recent publication43 while the operating conditions and the final
average molecular properties of LDPE are reported in Table 2.
The gel-effect model of Buback44 was employed to describe the
dependence of the termination rate constant on ethylene conver-
sion. The kinetic rate constants, used in the present work, are
reported in Table 3. The initial sample population for the MC
kinetic/topology simulation contained 1.16�109 monomer mole-
cules and 4.0 � 106 solvent molecules. It required approximately
96 min of simulation time, in a 2.21 GHz dual core processor
(AMDAthlon 64X2, 4200þ). Furthermore, a detailed sensitivity
analysis was carried out to assess the effect of the initial randomly
selected condition on the predicted molecular properties. It was
found that statistically accurate molecular properties and dis-
tributions were calculated by averaging the results of five ran-
domly initialized consecutiveMC simulation runs per case study,
irrespectively of their specific starting point values. Note that, the
effect of the initial sample size onMC simulation results has been
discussed in detail in our previous publication.15

In the present tubular reactor study, the sample population is
considered to be representative of the reactionmixture because of
the ideal plug-flow assumption.43 On the other hand, in an auto-
clave reactor case, in addition to the stochastic simulation of
the polymerization kinetics one needs to take into account the
residence time distribution of the sample population which
significantly complicates the stochastic simulations. This is an
interesting problem and a subject of a forthcoming study.

Itmust be noted here that the proposedMCalgorithm, just like
any discrete stochastic approach, possesses an inherent weakness
regarding the sampling frequency of sparsely populated areas
of the polymer chain distribution. This means that very large
polymer chains (i.e., with a molecular weight larger than 106) are
extremely difficult to be accurately represented in theMC sample
population, due to their very low concentrations. In this case, no
more than two polymer chains of such highmolecular weight will

Figure 9. Effect of the LCB density on the excluded volume function.
Inset: Schematic representation of the excluded volume of a branched
polymer chain.

Table 2. Operating Conditions and Final Molecular Properties
of LDPE

Mass Flow Rates of Feed and Side Streams (kg h-1)

feed stream injection 1 injection 2 injection 3

ethylene 3�104 0.0 0.0 0.0
solventa 209.8 0.0 0.0 0.0
initiator 1a 0.0 2.194 0.0 0.0
initiator 2a 0.0 1.615 0.768 1.230
initiator 3a 0.0 0.088 1.135 1.826

Average Molecular Properties

end of “zone 1” end of “zone 2” end of “zone 3”

Mn (g mol-1) 24.1 � 103 20.5 � 103 18.1 � 103

Mw (g mol-1) 11.7 � 104 15.4 � 104 18.3 � 104

LCB/1000C 0.85 1.8 3.0
SCB/1000C 8.2 9.3 10.1

aUndisclosed information due to confidentiality reasons.
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be usually present in the final sample population. Nevertheless, a
total mass consistency check (i.e., the total mass in the stochastic
system is preserved, and its value is compared with the total mass
calculated by other independent methods) in combination with
the use of multiple stochastic simulations per case study, minimize
the effect of this problem on the overall accuracy of the proposed
kinetic/topology method. Moreover, as the quest for conceptually
more efficient approaches continues, the constant increase in
computer capabilities gradually diminishes any serious drawbacks
in the application of stochastic approaches.

In Figure 10, the reaction temperature profile and the ethylene
conversion along the reactor length are depicted. As can be seen,
there are three distinct temperature peaks corresponding to the
three reaction zones (i.e., three initiator injection points).

InFigure 11a, the 2-D long-chainbranching-molecularweight
(LCB-MW) distribution of low-density polyethylene (LDPE)
calculated at the reactor exit, is depicted. The 2-D distribu-
tion provides detailed information on the number of long-chain
branches of LDPE with respect to its molecular weight. In
particular, it predicts the distribution of the mass fractions of
the polymer chains with respect to their molecular weight for a
given value of LCBs permolecule aswell as the distribution of the
mass fractions of polymer chains with respect to the number of
LCBs per molecule for a given value of molecular weight. The
definition and calculation of the above distributions are described
in detail in a recent publication by the same authors.15 The
respective contour plots of the bivariate (LCB-MW) distribu-
tion are presented inFigure 11b. It is clear that the largest fraction
of the polymer chains will have 1-3 LCBs per molecule. More-
over, as the number of LCBs per molecule increases the respec-
tive weight fraction of the branched polymer chains decreases
while, at the same time, the corresponding distribution becomes

narrower (see Figure 11, parts a and b). It should be pointed out
that it is the first time that the calculation of the 2-D joint
(LCB-MW) distribution is reported in the literature for a high-
pressure tubular LDPE industrial reactor.

Similar information on the joint short-chain branching-
molecular weight (SCB-MW) distribution of LDPE is presented
in Figure 12, parts a and b. As can be seen, the largest fraction of
the polymer chains will have 1-10 SCBs per molecule. Both
distributions (i.e., (LCB-MW) and (SCB-MW) distributions)
show a long tail (i.e., polymer chains with a high content in both
LCB and SCB) at high molecular weights. It is also evident that
the peak value of (LCB-MW) distribution is higher than the
corresponding peak value of (SCB-MW) distribution and exhi-
bits a sharper decrease with respect to the branching content.

In Figure 13, parts a and b, the stochastically calculated joint
long-chain branching-short-chain branching (LCB-SCB) dis-
tribution of LDPE and the respective contour plots are depicted.
The (LCB-SCB) distribution represents the fraction of polymer
chains with specific numbers of long-chain and short-chain
branches per molecule and is in complete agreement with the
respective results of Figures 11 and 12 on (LCB-MW) and
(SCB-MW) distributions.

In Figure 14, the number of long- and short-chain branches
distributions per 1000 carbon atoms are plotted. It should be
noted that similar results have been reported by Iedema.12 This
information can be directly compared with respective C NMR
experimental measurements and ultimately lead to a realistic

Table 3. Numerical Values of the Kinetic Rate Constants Used in the High-Pressure Free-Radical Polymerization of Ethylene

Kinetic Rate Constants: k = k0 exp(-(E þ PΔV)/(R T)]a

reaction type k0 (L mol-1 s-1) E (cal mol-1) ΔV (cm3 mol-1)

propagation kp0 = 2.59 � 108 Ep = 9000.0 ΔVp = -19.7
transfer to solvent kts0 = 5.00 � 1011 Ets = 17372.0 ΔVts = -19.7
transfer to polymer ktp0 = 1.0087 � 109 Etp = 12630.0 ΔVtp = 4.4
intramolecular transfer kit0 = 4.80 � 108b Eit = 10570.0 ΔVit = -15.9
β scission of sec-radicals kbssr0 = 4.015 � 107b Ebssr = 12080.0 ΔVbssr = -16.8
β-scission of tert-radicals kbstr0 = 4.0125 � 107b Ebstr = 12080.0 ΔVbstr = -19.7
random scission ksc0 = 3.70 � 105 Esc = 11080.0 ΔVsc = -16.8
termination by combination ktc0 = 4.75 � 109 Etc = 1000.0 ΔVtc = 1.3
termination by disproportionation ktd0 = 1.55 � 109 Etd = 1000.0 ΔVtd = 1.3

aThe symbols P and R denote the reactor pressure and the universal gas constant, respectively. bMeasured in sec-1

Figure 11. Calculated (a) 2-D joint (LCB-MW) distribution and
(b) respective contour plots of LDPE at the reactor exit, using a sample
population of 4.9 � 104 branched polymer chains.

Figure 10. Calculated reaction temperature and ethylene conversion
profiles along the reactor length.
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prediction of the physical (i.e., prediction of the polymer density
or/and crystallinity with respect to the molecular weight) and
rheological properties of LDPE.

Another molecular property of interest for highly branched
polymer chains, directly calculated by the present stochastic
kinetic/topology algorithm, is the average length distribution
of long-chain branches with respect to the total chain length
(or molecular weight) of the polymer chains. In Figure 15, the
average length of LCBs (i.e., branch length distribution, BLD) of
LDPE at the exit of the tubular reactor, is illustrated. As can be
seen, the mean size of long-chain branches increases with respect
to the total length (molecular weight) of the polymer chains. Note
that a similar behavior was reported for the average LCB length
by several investigators45,46 who experimentallymeasuredwith the
aid of C NMR the average LCB length for various LDPE grades.

The branching structure in highly branched polymer chains is
commonly characterized by the number of consecutive “branch-

ing order levels”. In the present study, every branch that is
directly attached to the main carbon backbone chain is defined
as zero-order branch.Abranch attached to a zero-order branch is
characterized as a first-order branchwhile a branchof order “nþ 1”
is a branch attached to an “n” order branch. Thus, another
property of interest that can be obtained from our stochastic
kinetic/topology algorithm, is the bivariate branching order-
branchmolecular weight (BO-BMW) distribution. In Figure 16,
parts a and b, the bivariate (BO-BMW) distribution of LDPE
and the respective contour plots, as calculated by ourMCkinetic/
topology algorithm at the reactor exit, are shown. One can easily
observe the appearance of two distinct distributions, a narrow
one in the low molecular weight region, corresponding to the
short-chain branches, and a broader one in the high mole-
cular weight region, corresponding to the long-chain branches.
Both distributions reveal that the “branching order levels” of
the majority of long- and short-chain branches are in the range
of 0-3.

In a number of recent publications28-31 it has been shown that
the topology of branched polymer chains is directly linked with
the rheological behavior of the polymer melt. In fact, Read and
McLeish47were among the first oneswho used the terms seniority
and priority to characterize the branching topology of a branched
polymer chain. The seniority48 of a segment in a branched
polymer chain can be calculated by counting the total number
of segments starting from the segment of interest to the furthest

Figure 12. Calculated (a) 2-D joint (SCB-MW) distribution and
(b) respective contour plots of LDPE at the reactor exit, using a sample
population of 4.9�104 branched polymer chains.

Figure 13. Calculated (a) 2-D joint (LCB-SCB) distribution and
(b) respective contour plots of LDPE at the reactor exit, using a sample
population of 4.9�104 branched polymer chains.

Figure 14. Number distributions of long- and short-chain branches per
1000 carbon atoms of LDPE, calculated by the stochastic kinetic/
topology algorithm at the reactor exit.

Figure 15. Average long-chain branch length distribution (BLD) of
LDPE, calculated by the stochastic kinetic/topology algorithm at the
reactor exit.
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polymer chain end on both sides of the segment and taking the
smallest of the two calculated values. Note that the seniority of a
segment is related to its respective relaxation time. On the other
hand, the priority49 of a segment in a branched polymer chain is
related to its maximum stretch and is calculated by counting the
free arms attached to each side of the segment and taking the
smallest of the two values.

In Figure 17, the calculated seniority and priority segment
number fraction distributions of LDPE, produced in a three-zone
high-pressure tubular reactor, are depicted. The seniority and
priority segment number fraction distributions provide valuable
information on the branching structure of highly branched
polymer chains (i.e., higher seniority and priority values reveal
the existence of a more highly branched polymer structure while,
similar seniority and priority values show that the structure of the
branched polymer chains is closer to that of an ideal comb-type
topology47).

Calculation of the Radius of Gyration

On the basis of the calculated topologies of LDPE chains, one
can easily reconstruct their respective 3-D spatial configurations
using a standard random-walk molecular simulator.50 In the
present study, molecular simulations were carried out under
Θ-solvent conditions (i.e., no interactions with solvent mole-
cules were considered, neither any nearest neighbor interactions
were introduced) to reconstruct the 3-D spatial configurations
of the LDPE chains. The molecular simulation was based on a
random stepwise addition of consecutive monomer units, using
specific directional rules (i.e., the step-direction of the simula-
tions can be dictated either by cubic51,52 or tetrahedral53 formula-
tion rules).

The reconstruction of the spatial configurations of the LDPE
chains was based on the detailed topological information pro-
vided by our novel stochastic kinetic/topology algorithm. Topo-
logical information on the exact size of every part of the polymer
chain (i.e., backbone chain, long- or short-chain branches) was
used to determine the number of steps required by the molecular
simulation algorithm for the reconstruction of a chain part, while
the position of the branch points provided the initial coordinates

for the simulation of the various branches. Following the above
procedure, random 3-D configurations of the LDPE chains were
obtained.

It should be noted that the sole purpose of the present applica-
tion was to demonstrate the potential of our novel stochastic
kinetic/topology algorithm to provide the necessary topological
information for the calculation of important spatial molecular
properties of highly branched polymer chains. It must be empha-
sized that a number of approaches (e.g., self-avoidingwalk, incom-
plete enumeration, excluded volume interactions, bond rotation
potentials, coarse grained approaches, etc.) can be employed to
calculate the 3-D spatial configuration of highly branched polymer
chains. These methods are characterized by a number of advan-
tages and disadvantages with regard to their efficiency, statistical
accuracy, computational speed, etc. Thus, the selection of a
molecular 3-D simulation method largely depends on the final
application objectives.54

Thus, using the calculated chain topologies of LDPE mole-
cules and a random-walk molecular simulation algorithm, the
exact 3-D spatial configurations of the highly branched polymer
chains can be obtained. Accordingly, a number of important
properties, associated with the volume occupied by a polymer
chain, can be calculated. More specifically, it is possible to
calculate the mean radius of gyration, Rg, and the mean
hydrodynamic radius, Rh, of branched polymer chains, using
the following expressions:

Rg
2 ¼ ð2N 2Þ- 1Æ

Xn
i¼ 1

Xn
j¼ 1

rij
2æ;

ðRhÞ- 1 ¼ ð2N2Þ- 1Æ
Xn
i¼ 1

Xn
j ¼ 1

i 6¼ j

rij
- 1æ ð13Þ

where the symbols rij and N denote the distance between the
monomer units “i” and “j” in a 3-D statistically reconstructed
polymer chain and the total number of steps (i.e., monomer
units), respectively. The brackets (<>) denote the mean
statistical ensemble based on a number of molecular simula-
tions carried out for the same polymer chain.

In Figure 18, the predicted values of the mean radius of
gyration, Rg, for a sample of 4.9� 104 LDPE chains, are plotted
with respect to the chain length. Each red point in Figure 18

Figure 16. Calculated (a) bivariate (BO-BMW) distribution and
(b) respective contour plots of LDPE at the reactor exit, using a sample
population of 4.9 � 104 branched polymer chains.

Figure 17. Seniority and priority segment number fraction distribu-
tions of LDPE, (calculated by the stochastic kinetic/topology algorithm
at the reactor exit). The inset schemes denote the segment seniority and
priority values in a branched polymer chain.
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represents the average (arithmetic mean) of 10 successive mole-
cular simulations carried out for every single branched polymer
chain in the sample population. The black points in Figure 18
represent the respective values of Rg for linear polymer chains
with molecular weights equal to the respective values of the
branched polymer chains. As expected, the calculated average
values of Rg for the linear polymer chains are higher than those
for the branched polymer chains of the samemolecular weight. It
should be noted that the slope of the curve, representing the
variation ofRg with respect to the chain length for linear polymer
chains was found to be equal to 0.4994, which is very close to the
theoretical one (i.e., 0.5).54,55 On the other hand, the slope of
the curve representing the variation of Rg values with respect to
the chain length of branched polymer chains, was found to be
equal to 0.2511, in the high chain length region,which is in perfect
agreement with the theoretically reported value for randomly
branched polymer chains in Θ-solvent (i.e., 0.25).54,55

The maximum chain length of the simulated linear and non-
linear polymer chains was equal to 6.457�104 monomer units
while the maximumnumber of long- and short-chain branches in
a polymer chain was equal to 1832. The 3-D simulation required
approximately 21 h in a 1.6GHz quad core processor (Intel Xeon
5110). All the 3-D molecular simulations were carried out
assuming a cubic spatial configuration for the simulated polymer
chains. In the inserted scheme of Figure 18, the 3-D configuration
of a branched polymer chain with three long-chain branches and
a total chain length equal to 14118 monomer units is depicted.

Another parameter that reflects the extent of long-chain
branching in LDPE and is strongly related with the rheological
behavior of an LDPE melt, is the branching factor, g:

g ¼ Rg
2
br

Rg
2
lin

0
@

1
A

M

ð14Þ

The indexes “br” and “lin” denote the respective branched and
linear polymer chains with the same molecular weight.

In Figure 19, the experimentally measuredMWD is compared
with the calculated one at the exit of an industrial high-pressure,
three-zone tubular reactor. As can be seen, the MC calculated
MWD is in excellent agreement with the experimentally mea-
sured distribution. In the same figure, the variation of the
branching factor, g, with respect to the molecular weight of
LDPE is depicted. To our knowledge, it is the first time that
the variation of the branching factor, g, with respect to the

polymer chain length is reported, based on such detailed kinetic/
topological molecular calculations.

Conclusions

In the present work, a novel stochastic kinetic/topology
stochastic algorithm is described for the accurate prediction of
the complete topological architecture of highly branched polymer
chains. Stochastic topological simulations were carried out in
conjunction with a stochastic kinetic simulator. It should be
noted that, contrary to previous efforts on the stochastic simula-
tion of topological features of branched polymer chains, the
present approach does not require any simplifying assumptions
regarding the distributional forms of “live” and “dead” polymer
chain populations. Moreover, the proposed stochastic approach
can explicitly take into account the effects of various diffusional
limitations in the termination and propagation rate constants
(i.e., gel- and glass-effect) as well as of time-varying polymeriza-
tion conditions on kinetic/topology developments in highly non-
linear polymerization systems. The effect of branching density on
the kinetics of various reactions (i.e., transfer to polymer and
chain scission reactions) was also examined via the introduction
of a semiempirical excluded volume function.

To demonstrate the predictive capabilities of the proposed
stochastic approach, the free-radical polymerization of ethylene
(LDPE) in an industrial high-pressure tubular reactor was
investigated. Through this study, the kinetic/topology algorithm
revealed detailed information on the branching structure (i.e.,
(LCB-MW), (SCB-MW), (LCB-SCB) distributions, BL dis-
tribution, number of long- and short-chain branches per 1000
carbon atoms distributions, (BO-BMW) distribution, seniority
and priority segment number fraction distributions) of LDPE.

Subsequently, the topological information obtained by the
application of the stochastic kinetic/topology algorithmwas used
in conjunction with a 3-D molecular random-walk simulation
algorithm to predict the 3-D random spatial configurations of the
branched polymer chains and, thus, to calculate some important
rheological parameters (i.e., the mean radius of gyration, Rg, the
mean hydrodynamic radius, Rh, and the average branching
factor, g) of highly branched polymer chains.
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